The yield behaviour of two aluminium alloy foams (Alporas and Duocel) has been investigated for a range of axisymmetric compressive stress states. The initial yield surface has been measured, and the evolution of the yield surface has been explored for uniaxial and hydrostatic stress paths. It is found that the hydrostatic yield strength is of similar magnitude to the uniaxial yield strength. The yield surfaces are of quadratic shape in the stress space of mean stress versus eective stress, and evolve without corner formation. Two phenomenological isotropic constitutive models for the plastic behaviour are proposed. The ®rst is based on a geometrically self-similar yield surface while the second is more complex and allows for a change in shape of the yield surface due to dierential hardening along the hydrostatic and deviatoric axes. Good agreement is observed between the experimentally measured stress versus strain responses and the predictions of the models. 7
Introduction
Over the past few years, low cost aluminium foams have been produced for a wide range of potential applications such as the cores of sandwich panels and 0022-5096/00/$ -see front matter 7 2000 Elsevier Science Ltd. All rights reserved. PII: S 0 0 2 2 -5 0 9 6 ( 9 9 ) 0 0 0 8 2 -4
Journal of the Mechanics and Physics of Solids 48 (2000) 1253±1283 www.elsevier.com/locate/jmps various automotive parts. A typical aim is to develop lightweight structures which are adequately sti and strong yet absorb large amounts of energy. The successful implementation of metallic foams requires the development of design methods based on engineering constitutive laws. A major aim of the current study is to provide a simple but reliable constitutive description of the yield behaviour of metallic foams. Early theoretical studies (Gibson and Ashby, 1997) suggest that the hydrostatic strength of an isotropic foam is governed by cell wall stretching and scales with the relative density " r, whereas the uniaxial strength is governed by cell wall bending and scales with " r 3a2 X Thus, for a relative density of " r 0X1, the hydrostatic strength of the perfect structure is about three times the uniaxial strength. These theoretical predictions neglect the eect of imperfections in the microstructure. Recently, the eect of morphological defects on the elastic and plastic properties of foams has been addressed by various authors (e.g. Silva et al., 1995; Kraynik et al., 1997; Grenestedt, 1998) . The main ®ndings of these and other studies have been reviewed by Chen et al. (1999) . Chen et al. (1999) comprehensively studied the eect of various geometrical imperfections on the inplane yielding behaviour of 2D cellular materials using a combination of analytical and ®nite element methods. They found that cell wall waviness signi®cantly reduces the hydrostatic strength of the regular honeycomb structure. Similarly, random imperfections in the form of cell wall misalignments and fractured cell walls reduce the hydrostatic strength to the same level as the uniaxial strength. The eect of a random dispersion of cell size in a G-or dVoronoi structure is relatively small and the yield surfaces of these structures have approximately the same size and shape as those of ideal hexagonal honeycombs. Chen et al. (1999) predict nearly circular yield surfaces in the stress space of mean stress versus eective stress for honeycombs with either fractured cell walls or cell wall misalignments. Kraynik et al. (1997) found a similar sensitivity of hydrostatic strength to the presence of cell wall misalignments in open cell 3D elastic foams. These analyses demonstrate that a small degree of imperfections suces to induce bending deformation in the cell walls under all macroscopic stress states.
Experimental data for the multi-axial yield of foamed metals are limited. The main contributions are those of Trianta®llou et al. (1989) and Gioux et al. (2000) . Trianta®llou et al. (1989) conducted axisymmetric tests on an open-cell aluminium foam under combined axial tension and radial compression. Gioux et al. (2000) reported yield data for closed and open cell aluminium foams under a variety of biaxial, shear and axisymmetric loadings. The presence of experimental scatter in these studies has made it dicult to establish the shape of the yield surfaces. Moreover, only the initial yield surface has been addressed. In many design situations, for example in energy absorbing devices, an understanding of the postyield behaviour is essential. Miller (2000) has recently proposed a continuum plasticity framework for metallic foams. He modi®ed the Drucker±Prager yield criterion and introduced three adjustable parameters to ®t the yield surface to the then available experimental data; these data are the uniaxial tensile and compressive yield strengths, and the ratio of radial to axial plastic strain rate in an axisymmetric test, i.e. the``plastic Poisson's ratio''. He assumed an associated¯ow rule and based the hardening law upon the uniaxial compressive behaviour to give a complete constitutive representation of the plastic behaviour. In contrast, the constitutive model of Zhang et al. (1997 Zhang et al. ( , 1998 for polymer foams adopts a nonassociated¯ow rule to account for the low observed values of plastic Poisson's ratio. Zhang et al. use a hardening rule based upon the plastic volumetric strain. For the case of metallic foams micromechanical arguments suggest that associated ow on the microscopic scale translates to the macroscopic scale, (Hill, 1967; Gurson, 1977 ) therefore, we anticipate that plastic normality is satis®ed.
In this paper the yield surfaces of an open cell and a closed cell aluminium foam are measured for axisymmetric compressive stress states. The evolution of the yield surfaces under uniaxial and hydrostatic compression is explored. Two phenomenological isotropic constitutive models with dierent levels of complexity are then developed to model the observed behaviour.
Experimental investigation
The overall aim of the experimental program is to 1. determine the stress versus strain responses of Alporas and Duocel foams under proportional axisymmetric compressive loading, and 2. investigate the shape of the initial yield surface and its evolution under hydrostatic and uniaxial compressive loadings.
Materials
Two types of foams were investigated: Alporas and Duocel aluminium alloy foams. Alporas is a closed cell foam manufactured by the Shinko Wire Company, Amagasaki, Japan. The composition of the cell walls is Al±Ca 5±Ti 3 (wt.%). Two relative densities, " r 8X47 and " r 167 were considered; for both densities the average cell size is approximately 4 mm. In the following we shall refer to the Alporas foam of density " r 8X47 as``low density Alporas foam'' and the Alporas foam of density " r 167 as``high density Alporas foam''. The open-cell Duocel foam manufactured by ERG, Oakland, CA, USA, is made from Al6101± T6 alloy. We tested a foam of relative density " r 7X07 and average cell size 2.5 mm. Further details on the structure, manufacturing processes and on the suppliers of these foams are given by Ashby et al. (1998) . Andrews et al. (2000) reported that Alporas foam specimens with at least ®ve cells along each leading dimension gave macroscopically representative measures of strength and elastic modulus. For the Duocel foam, specimens with at least seven cells in each direction were adequate. In this study, circular cylindrical specimens of diameter 30 mm and length 52 mm were cut to shape by spark machining to minimise damage to the cell edges. With this choice of specimen dimensions, all the specimens have at least seven cells in each direction.
Apparatus
A high pressure triaxial system was used to measure the axisymmetric compressive stress±strain curves and to probe the yield surface. It consists of a pressure cell and a piston for the application of axial force. Hydraulic¯uid is used as the pressurising medium. The triaxial cell is balanced so that application of hydraulic pressure produces hydrostatic loading on the specimen. Thus, a pressure p gives a compressive axial and radial stress of magnitude p. Further details are given by Akisanya et al. (1997) . In order to superimpose an axial stress on top of the hydrostatic loading, the piston of the triaxial cell was displaced by a screwdriven test machine. The axial load was measured using a load cell internal to the triaxial cell, and the axial displacement was measured with a linear voltage displacement transducer (LVDT) on the test machine cross-head. The axial force and axial displacement were recorded using a computerised data logger and the oil pressure was recorded manually from a pressure gauge on the oil line.
The specimens were prepared for the triaxial tests by wrapping them in an aluminium shim (25 mm thick), encassing them in a rubber membrane and then sealing using a wedge arrangement as shown in Fig. 1 . This elaborate arrangement was required in order to achieve satisfactory sealing at pressures in excess of 5 MPa.
Measurement protocol
The applied stresses are sketched in Fig. 2 . p is the¯uid pressure and s is the applied compressive axial stress (both are taken to be positive in compression). The mean stress s m and the von Mises eective stress s e follow as,
and s e jsj 1b respectively. Note that the magnitude of the radial Cauchy stress on the specimen equals the¯uid pressure p while the contribution s to the axial Cauchy stress is evaluated from the applied axial force and the current cross-sectional area of the specimen. Unless otherwise stated, the strain rate in the triaxial tests coincides with an axial imposed strain rate of 4 Â 10 À5 s À1 .
Stress versus strain response
Three types of stress versus strain curves were measured, as follows.
Uniaxial compression tests
Uniaxial compression tests were performed using a standard screw driven test machine. The load was measured by the load cell of the test machine and the machine platen displacement was used to de®ne the axial strain in the specimen. The loading platens were lubricated with PTFE spray to reduce friction.
In order to determine the plastic Poisson's ratio, the specimens were deformed in increments of approximately 5% axial plastic strain and the diameter was measured at three points along the length of the specimen using a micrometer. The plastic Poisson's ratio was de®ned as the negative ratio of the transverse logarithmic strain rate to the axial logarithmic strain rate.
Hydrostatic compression tests
Hydrostatic tests were performed using the triaxial cell. The hydrostatic pressure was increased in increments of 0.1 MPa and the corresponding volumetric strain was deduced from the axial displacement. The volumetric strain was assumed to be three times the axial strain. A posteri checks of specimen deformation con®rmed that the foams deform in an isotropic manner.
Proportional axisymmetric stress paths
The stress versus strain response along a number of proportional stress paths was measured. The direction of stressing is de®ned by the relation s m ÀZs e , with the parameter Z taking values over the range Z 1a3 (for uniaxial compression) to Z I (for hydrostatic compression). In a typical proportional loading experiment, the hydrostatic pressure and the axial load were increased in small increments keeping Z constant. The axial displacement was measured at each load increment and was used to de®ne the axial strain.
Yield surface measurements
The initial yield surface was determined for the Alporas and Duocel foams by probing each specimen through the stress path sketched in Fig. 3 , using the triaxial cell. First, the specimen was pressurised until the oset axial plastic strain was 0.3%, as indicated by the stress path 0 41 in Fig. 3 . This pressure was taken as the yield strength under hydrostatic loading. The pressure was then decreased by about 0.1 MPa along stress path 14 2, and an axial displacement rate of 2 Â 10 À3 mm s À1 (strain rate of 4 Â 10 À5 s À1 ) was applied until the oset axial strain had incremented by 0.3%, referred to as path 2 43 in Fig. 3 . The axial load was then removed (path 34 4 and the pressure was decreased further (path 44 5), and the procedure was repeated (path 5 4 64 7). This probing procedure was continued until the pressure p was reduced to zero; in this limit the stress state consisted of uniaxial compressive axial stress (path 0 48 and the measured uniaxial yield strength was found to be within a few percent of the uniaxial yield strength from a proportional uniaxial compression test. The locus of yield points, de®ned at 0.3% oset axial strain, was plotted in mean stress versus eective stress space.
Probing of the yield surface was also performed by starting at the uniaxial yield point and slowly building up the pressure; this alternative procedure gave no substantial dierence in the yield surface shape and size indicating that the plastic strain accumulated during the probing process has a negligible eect on the measurements.
In order to measure the evolution of the yield surface under uniaxial loading, the initial yield surface was probed as described above. The specimen was then compressed uniaxially to a desired level of axial strain and the axial load was removed; the yield surface was then re-probed. By repetition of this technique, the evolution of the yield surface under uniaxial loading was measured at a number of levels of axial strain from a single specimen. The evolution of the yield surface under hydrostatic loading was measured in a similar manner. 
Experimental results
The uniaxial compressive responses of the Alporas and Duocel foams are shown in Fig. 4 , using the axes of axial Cauchy stress and true (logarithmic) plastic axial strain. The plastic Poisson's ratio did not change with axial strain to within measurement accuracy and an average value was used to calculate the axial Cauchy stress.
Results from hydrostatic compression tests are included in Fig. 4 . In this case we take as axes the pressure and the true (logarithmic) volumetric strain. A comparison between the hydrostatic and uniaxial compression stress versus strain curves shows that the hardening rate under hydrostatic compression is much greater than the hardening rate under uniaxial compression for the high density Alporas foam " r 167). In contrast, the hydrostatic and uniaxial hardening rates are comparable for the low density Alporas foam " r 8X47 and the Duocel foam " r 7X07). Repeated uniaxial and hydrostatic tests showed that the stress versus strain curves of Fig. 4 have a scatter of about 25% in stress at any given value of strain. The initial stages of the hydrostatic and uniaxial compression curves for the three foams are shown in Fig. 5 . We note that the magnitude of the hydrostatic yield strength is about 20% less than the uniaxial yield strength for each of the foams tested.
The initial yield surfaces for the three foams are plotted in Fig. 6 , using the axes of mean stress and eective stress. Both the mean stress and eective stress values have been normalised by the uniaxial yield strength of the respective specimen. The shapes of the yield surfaces are repeatable (at least ®ve similar tests were conducted to check for scatter), and the data are adequately ®tted by a quadratic function of mean stress and eective stress. The evolution of the yield surfaces under uniaxial and hydrostatic compressive loading is shown in Figs. 7±9 for the low density Alporas, high density Alporas and the Duocel foams, respectively. It is clear that the yield surfaces remain quadratic in shape and show no evidence of corner development at the loading point. Under uniaxial loading the yield surfaces evolve in approximately a geometrically self-similar manner (i.e. their shapes do not change), while under hydrostatic loading the yield surfaces elongate along the hydrostatic axes. For the case of the Duocel foam under hydrostatic loading no cross-hardening occurs: the shear yield strength remains unchanged with hydrostatic straining.
The early stage of yield surface evolution for the high density Alporas is shown in Fig. 10 for a primary loading path of uniaxial compression. Signi®cant hardening occurs over an initial strain increment of 2%, but the rate of hardening then decreases as the plateau stress is approached. 
Constitutive modelling
In this section two isotropic constitutive models are developed for metallic foams, based on the experimental observations described above. It is assumed that the yield function F depends only on the ®rst two stress invariants s m and s e and is independent of the third stress invariant
1a3 ; here the prime denotes the deviatoric part of the stress tensor. We shall also assume that the yield function is even in s m X This is supported by recent experimental studies. Harte et al. (1999) found that the uniaxial tensile yield strength is approximately equal to the uniaxial compressive yield strength for both Alporas and Duocel foams: their data are reproduced in Fig. 11 along with the uniaxial compressive data from the present study. Gioux et al. (2000) measured the yield surface shapes of Alporas and Duocel foams and concluded that the asymmetry in shape with respect to mean stress is negligible.
Self-similar yield surface model
We de®ne a yield function F by where the equivalent stress s is given by
Here, s e is the von Mises eective stress s e 3 2 s H ij s H ij q , s m is the mean stress, s m s kk a3, and the parameter a de®nes the shape of the yield surface. Again, a prime denotes the deviatoric quantity.
Eqs. (2) and (3) together describe a yield surface of elliptical shape in s m , s e space, with the uniaxial yield strength in tension and compression equal to Y, and the hydrostatic yield strength equal to 1aa3 2 p a YX Thus, the parameter a de®nes the aspect ratio of the ellipse; in the limit a 0, s reduces to s e and the von Mises yield criterion is recovered. Fig. 6 shows that the yield surfaces de®ned by Eq. (2) ®t the experimental data for the three foams very well provided the value of a is chosen appropriately.
The plastic strain rate E p ij is assumed to be normal to the yield surface (associated¯ow) and is given by
where H is the hardening modulus and ! s ij is the Jaumann stress rate. The Jaumann rate has been used here to ensure objectivity to rigid body rotation. At temperatures well below the melting point of aluminium alloys, the deformation behaviour of the foams is almost rate independent and the hardening modulus H is chosen to be homogeneous and of degree zero in stress rate. In addition, H is chosen to evolve with a measure of the accumulated plastic strain E which will be made precise below. The plastic Poisson's ratio n p in a uniaxial compression test follows from Eqs. (2)±(4), and can be written explicitly in terms of the yield surface ellipticity a as
The predicted dependence of n p upon a is shown in Fig. 12 . Independently measured values of n p and of a (deduced from the measured ratio of hydrostatic to uniaxial strength) are included in the ®gure, for the three foams. Good agreement between these experimental measurements and predictions is seen in support of the assumption of associated¯ow. It is tentatively suggested that measurement of n p in a uniaxial compression test is a quick and simple method for establishing the value of a and thereby the shape of the yield surface including the hydrostatic strength. Experience suggests that the measurement of n p is best done by compressing a sample to a uniaxial strain of 20±30%, using suitably lubricated loading platens. A straightforward connection can be obtained between E and Y by substituting Eq. (8) into Eq. (9), and using the observation that F is homogeneous of degree 1 in s s s, to obtain
To summarise, we have obtained explicit de®nitions for the equivalent stress s and the work conjugate strain rate EX The plastic strain rate is given by the¯ow rule (11). It now remains to specify the hardening modulus H. In general, H is homogeneous and of degree zero in stress rate. Here we choose to restrict our de®nition of H to depend upon E, and on the current direction of stress, s s sajs s sjX The nature of this dependence is backed out approximately from the available experimental data as follows.
Recall that H is de®ned by the tangent modulus H sa E for a given stress state. In order to determine the dependence of H on stress path, consider a typical triaxial test wherein a foam is subjected to proportional stressing from zero. For this stress path, we calculate the increment D s corresponding to an increment in E from say 0 to 0.2 (i.e. D E 0X2); the average tangent modulus over this increment is de®ned by
This procedure was carried out for each foam by performing a series of proportional loading experiments, ranging from hydrostatic compression to uniaxial compression. The equivalent stress s was calculated from the applied stresses p and s using the de®nition (3) and an assumed value of a for the respective foam. The equivalent strain E is estimated from the plastic axial strain E p 33 using the relation
for the proportional stress path Z js m as e jX Note that Eq. (15) follows directly from the¯ow rule (11), and from the fact that the model gives proportional straining under proportional stressing. The measured values of " H are plotted against stress direction, parameterised by that the stress parameter varies from zero to unity as we go from a purely hydrostatic stress state to a state of pure shear. The experimental data plotted in Fig. 13 and the equivalent strain rate is related to the volumetric strain rate
Thus, we obtain via Eqs. (10) and (16),
This relation provides the direct connection between h p E and the slope of the pressure versus logarithmic plastic volumetric strain curve in hydrostatic compression, at a strain level EÀ instead of Eq. (16). Thus, the hardening response is given directly by the uniaxial compression response. The remaining details of the model persist, with the plastic strain rate given by the¯ow rule (11). The simpli®ed model predicts a stress versus strain relation for any stress path, including the hydrostatic limit, by taking the uniaxial hardening characteristic as the reference response.
Recall that for the case of uniaxial compression (or tension), the de®nitions of s and E have been normalised so that s is the uniaxial stress and E is the uniaxial plastic strain rate. Consequently, H E equals the slope of the uniaxial Cauchy stress versus logarithmic plastic strain curve. This simpli®ed self-similar model has been implemented by Chen (1998) as a user-de®ned material constitutive law within the Finite Element code ABAQUS (HKS, 1997). Gioux et al. (2000) have used this simpli®ed model to ®t their initial yield data for the low density Alporas and Duocel foams. Their data are well ®tted by taking aI1X4 for both foams, in fair agreement with the values a 2X08 for the low density Alporas and a 1X58 for the Duocel foam, as measured in the current study. However, they observed lower values of strength for the low density Alporas than was measured in the present study. This is attributed to the fact that dierent batches of Alporas were used in the two studies, as discussed by Sugimura et al. (1998) .
In the above model the yield surface evolves in a geometrically self-similar manner. However, this is not entirely consistent with experimental observations. A more sophisticated isotropic constitutive model is introduced below in order to account for the eect of stress path on the evolution of the yield surface shape.
Dierential hardening model
A model is now developed such that the yield surface is not constrained to evolve in a geometrically self-similar manner. Speci®cally, the hydrostatic and shear yield strengths evolve independently and the model is thus termed`d ierential hardening''. In similar manner to that described above, we de®ne a quadratic yield surface of the form
À10, 22
where S and P are now the yield strengths under deviatoric and hydrostatic loading, respectively. Associated¯ow (4) is again assumed. It remains to specify the hardening rule. The experiments of the present study show that the yield surface remains quadratic in shape with no evidence of corner development at the loading point. However, the yield surface does not evolve in a geometrically self-similar manner but elongates at dierent rates along the hydrostatic and deviatoric axes. This motivates us to de®ne a hardening rule of the form
where the hardening matrix h ab and the kinematic quantities E and g remain to be speci®ed. The kinematic variables E and g are de®ned to be work conjugates of P and S, respectively, i.e.
Therefore, we choose
The hardening modulus H is related to the coecients h ab through the consistency relation
as follows. Upon substituting the kinematic relations (25a, b) into the hardening rule (23) Thus, h 22 is the slope of the eective stress versus the plastic part of the logarithmic eective strain curve, and h 12 is the slope of the hydrostatic strength versus the plastic part of the logarithmic eective strain curve. Next, we outline the methodology used in the present study to calibrate h ab against the available experimental data. Motivated by Eqs. (33) and (34) we assume that h 11 and h 21 depend only on E, as de®ned in Eq. (25a). Thus, h 11 E follows directly from Eq. (33) and the hydrostatic compression stress versus strain curve. h 21 is determined from the yield surface evolution under hydrostatic compression, that is DP DS
where D is a ®nite increment. This gives,
For the three foams tested in this study, the ratio h 21 ah 11 was observed to be approximately constant, i.e. independent of the level of plastic strain. Thus, for simplicity it is assumed that h 21 is a ®xed fraction of h 11 and given by h 21 a 21 h 11 X 38
For example, a 21 I0X4 for the low density Alporas; this is calculated from Fig. 7 for strain increments DE m 0X1 and 0.3. It now remains to calibrate h 22 and h 12 X In analogous fashion to that described for h 11 and h 21 , we assume that h 22 and h 12 depend only on g and that h 12 is a constant fraction a 12 of h 22 , h 12 a 12 h 22 X 39
In the present study shear tests were not conducted. Thus, the coecient h 22 could not be calculated in a direct fashion. Instead, h 22 was deduced from the uniaxial and hydrostatic compression stress versus strain data as explained below. Under a uniaxial compressive stress s 33 , the axial strain rate E (42) gives h 22 in terms of the parameters h 11 , a 12 and a 21 , with a 12 as an unknown. The ratio, a 12 is obtained from an iterative process as explained below. For a starting value of a 12 , h 22 is calculated from Eq. (42) and the dierential hardening model is used to predict the stress versus strain response for a proportional stress path speci®ed by s m ÀZs e , where 1a3`Z`I (in the present study we take the case Z 3X0). The predicted stress versus strain response is compared with the measured stress versus strain curve and the above procedure is repeated with dierent values of a 12 until good agreement between the model and the experimental data is obtained. The value of a 12 that gives the best ®t between the model and the experimental data is taken as the correct value of a 12 X The plastic part of the constitutive law has now been fully speci®ed. In order to complete the constitutive description for the two models given above we assume isotropic elastic behaviour, such that the elastic strain rate E e ij is given by
in terms of ®xed values for the Young's modulus E and the elastic Poisson's ratio n e X 5.2.1. Relationship between the dierential hardening model and the self-similar hardening model With additional assumptions, the dierential hardening model can be collapsed to the simpli®ed self-similar model (Section 5.1.1), but not to the full self-similar model (Section 5.1). Consider ®rst the reduction of the dierential hardening model to the simpli®ed self-similar model. The yield surface (22) of the dierential hardening model reduces to the yield surface (2) of the self-similar model if S and P are constrained by the relations
The hardening behaviours of the dierential hardening and the simpli®ed selfsimilar models co-incide if the hardening matrix h ab in the dierential hardening model is chosen to be
Thus, the dierential hardening model can be made to reduce to the simpli®ed self-similar model (Section 5.1.1) upon adopting the relations (44a, b) and (45). Next, we attempt to reduce the dierential hardening model to the full selfsimilar model (Section 5.1). Again, we constrain the yield surface in the dierential hardening model to be an ellipse of ®xed aspect ratio, as speci®ed by Eqs. (44a, b) . Then, we calibrate the hardening moduli h ab of the dierential hardening model so that the uniaxial and hydrostatic hardening responses are identical to those speci®ed by relations (18) and (20), respectively of the full selfsimilar model. Consequently, the dierential hardening model gives the same form of the¯ow rule (8) as speci®ed by the full self-similar model, but with the hardening modulus Hs s s now given by
Thus, with the yield surfaces constrained to evolve in a geometrically self-similar manner the dierential hardening model predicts a quadratic dependence of hardening on the stress direction (parameterised by s e a s in this case). In contrast, we choose to use a linear variation of hardening with stress direction in the full self-similar model as it gives the best agreement with the experimental data (see Fig. 13 ).
Comparison between the models and axisymmetric compression experiments
The stress versus strain response predictions of the models described above are now compared with experimental measurements for the Alporas and Duocel foams.
The self-similar model
Comparisons between the predictions of the self-similar model and experimental data are shown in Figs. 14±16 for the low density Alporas, high density Alporas and Duocel foams, respectively. In each ®gure, the equivalent stress s is plotted against the equivalent strain E for proportional stress paths ranging from uniaxial compression to hydrostatic compression. The measured s versus E responses have been calculated using the de®nition (3) experimental observations, as shown in Figs. 14 and 15 . By comparison the model overestimates the hardening modulus for the Duocel foam at E b 0X3, see Fig. 16 . The simpli®ed self-similar model, in which the hardening modulus is calibrated against uniaxial compression data only, makes the assumption that the foams have a unique equivalent stress s versus equivalent strain E curve, as given by the uniaxial compressive response. Figs. 14±16 show that the measured stress versus strain responses do not collapse onto a single curve when plotted as s versus EX In particular, the simpli®ed model underestimates the observed hardening behaviour for stress paths close to hydrostatic compression. These errors are greatest for the high density Alporas, as shown in Fig. 15 . It should be noted here that the above conclusions remain valid if comparisons of the stress versus strain curves are made through axial stress and strain measures rather than the equivalent quantities.
Dierential hardening model
The dierential hardening model, Eqs. (22)±(42), takes as input the uniaxial and hydrostatic compressive responses, and the cross-hardening parameters a 21 and a 12 X The cross-hardening coecient a 21 is calculated from the hydrostatic yield surface evolution as detailed in Section 5.2 and is found to be a 21 0X40, 0.55 and 0.50 for the low density Alporas, high density Alporas and Duocel foams, respectively. The value a 12 0 is chosen to obtain the closest agreement between Fig. 15 . Comparison between the measured equivalent stress vs. equivalent strain curves and predictions of the self-similar model for the high density Alporas foam. The equivalent stress has been normalised by the uniaxial yield strength = 2.0 MPa. the dierential hardening model and available experimental data for all three foams. This choice implies no cross-hardening between deviatoric straining and hydrostatic strength.
Recall that the dierential hardening model is calibrated against uniaxial and hydrostatic compression data, and so the model agrees with the observed response for these loading paths. The predictions of this model are plotted in Fig. 17 for an intermediate proportional loading path, Z js m as e j 3X0, along with the corresponding experimental curves for the three foams and the corresponding predictions of the self-similar model. We note that the predictions of the dierential hardening model are more accurate than those of the self-similar model. Similar comparisons of the two models have been made for other stress paths. Although these comparisons are not included (for the sake of brevity), they again indicate good agreement between the two models and the experimental data for the Alporas foams, and superior accuracy of the dierential hardening model over the self-similar model for the Duocel foam.
Predictions for tensile and shear loading
In this section the predictions of the two models are compared with experimental data for the three foams under shear and tensile loading. These data were obtained from studies by Harte et al. (1999) and Harte (1998) for tensile and shear loading, respectively.
Tensile response
A comparison between the experimentally observed tensile and compressive responses of the three foams is shown in Fig. 11 . Both the self-similar model and the dierential hardening model predict a tensile response identical to the measured uniaxial compressive response. The tensile experimental data are in close agreement with the compressive data until a peak tensile stress is attained at about 2.5%, 2.0% and 5.0% true tensile strain for the low density Alporas, high density Alporas and Duocel foams, respectively, see Fig. 11 . This is followed by a softening response and subsequent fracture by tensile tearing. We conclude that both the self-similar and dierential hardening models are accurate for prediction of the uniaxial tensile response up to the point of maximum tensile strength.
Shear response
The predictions of the two models for the shear response of the high density Alporas foam are plotted in Fig. 18 along with experimental data. The measured Fig. 17 . Comparison between measured stress vs. strain curves and predictions using the dierential hardening and self-similar models for a stress ratio Z js m as e j 3X0X The eective stress has been normalised by the uniaxial yield strength.
shear response of the high density Alporas was obtained by Harte (1998) using a double lap shear test. The measured response comprises an initial stable hardening behaviour, a peak in shear stress at an eective strain level E e I0X05, (engineering shear strain = 3 p E e and a subsequent softening behaviour associated with the formation of a macroscopic crack along the mid-plane of the specimen. The peak values of stress according to the two models are in satisfactory agreement with the observed strength of the high density Alporas foam. We note in passing that the simpli®ed self-similar model gives almost identical predictions to the full selfsimilar model for a stress path of pure deviatoric loading.
Concluding remarks
The axisymmetric compressive stress versus strain responses have been measured for three aluminium alloy foams Ð low and high density Alporas, and Duocel. The initial yield surfaces and the evolution of the initial yield surfaces under uniaxial and hydrostatic compression have been investigated. We ®nd that the yield surfaces are of quadratic shape in the stress space of mean stress versus eective stress, with the hydrostatic yield strength comparable to the uniaxial yield strength. Recently, Chen et al. (1999) have shown that microstructural imperfections such as cell wall misalignments, missing cell edges and cell wall waviness induce bending deformation in the cell edges of 2D honeycombs under all imposed macroscopic stress states. The resulting yield surfaces in mean stress versus eective stress space resemble those of the current study. Next, consider the measured strain hardening response. As the yield surfaces evolve with plastic strain they remain quadratic in shape, with no evidence of corner development. Under uniaxial compression they evolve in approximately a geometrically selfsimilar manner while under hydrostatic compression they elongate along the hydrostatic axis. The three foams tested consistently show greater hardening under hydrostatic compression than under uniaxial compression.
Two phenomenological isotropic models for the yield behaviour are proposed herein. The experimental observations support the assumption of associated¯ow for both models. In the ®rst model the yield surface is constrained to evolve in a geometrically self-similar manner, and the hardening law is calibrated against hydrostatic and uniaxial compression data. This model predicts the stress versus strain response of the foams under proportional loading conditions to reasonable accuracy. The more sophisticated dierential hardening model permits an evolution of the shape of the yield surface. For proportional loading paths, the dierential hardening model predicts the stress versus strain response of the three foams to a high level of accuracy. However, the added complexity of this model may make its use unwarranted and the simpler geometrically self-similar model suces for most practical purposes.
The isotropic models presented here are adequate for proportional stress paths. For non-proportional stressing, the development of anisotropy may become important and alternative hardening models may then be needed. Indeed, preliminary investigations indicate that metallic foams develop anisotropy under large plastic strains. For example, when a sample of the high density Alporas is compressed uniaxially to a logarithmic axial strain of 0.70, the subsequent transverse strength is found to be about twice the current axial strength (Deshpande and Fleck, 1999) . Isotropically hardening constitutive models are unable to account for the development of such anisotropy. Kinematic hardening models are required, and are suggested as a topic for future study.
